Introduction
Let (M, g, J) be an almost Hermitian manifold, so that J is an almost complex structure orthogonal relative to the Riemannian metric g. The decomposition of VJ (V is the Levi-Civita connection) into irreducible components under the action of the unitary group determines the Gray-Hervella class of the almost Hermitian structure [7] . In real dimension 2n 3, VJ has four components Wl , W2, W3, W4, and one is interested in structures for which one or more of these vanishes. For example, (M, J) is a complex manifold if and only if Wl -W2 = 0, and (M, w) is a symplectic manifold (cv is the fundamental 2-form determined by g and J ) if and only if WI = W3 = W4 = 0.
In this paper, we are concerned with left-invariant tensors g, J on a Lie group G of real dimension 6. Indeed, we fix a metric g and consider the space Z of all left-invariant almost complex structures J compatible with g and an orientation. This reduces many questions to properties of the Lie algebra g of G. The manifold Z is isomorphic to the complex projective space and a choice of standard coordinates allows us to visualize it in terms of a tetrahedron, in which the edges and faces represent projective subspaces Cpl and Cp2. This technique was first used in [ 1 ] , which identified the subsets C, s of Z corresponding to complex and symplectic structures compatible with a given metric on the complex Heisenberg group GH.
In order to develop the theory in a more systematic way, we show in Section 3 that every single component of VJ (equivalently, Vw) can be readily extracted by means of wedging with appropriate differential forms. Some of the integrability equations (such as those of Lemma 2) interact effectively with the nilpotency condition on that arises in the theory of minimal models, and our approach is particularly suited to the case in which the Lie group G is nilpotent. On the other hand, our investigation is also designed to illustrate aspects of the theory of differential forms and complex structures on 6-manifolds that can be applied to non-invariant settings.
The non-existence of a Kahler metric on a nilmanifold r B G (other than a torus) will imply that there are no compatible complex and symplectic structures, so ens = 0. This relatively deep fact pervades the descriptions of subsets of Z in our examples, and renders the combinatorial aspect of the results all the more striking. In six dimensions, a fundamental 2-form cv satisfies W4 = 0 if and only if cv A c~ is closed, and this is an especially natural condition in our context. We point out that the set of such 2-forms is orthogonal to the image of (1) and always non-empty. The corresponding class of cosymplectic structures is an intersection of real hypersurfaces of Z, and typically has dimension bi (the first Betti number of g).
The kernel of (1) gives rise to a real 4-dimensional space D of invariant closed 1-forms on GH, and the action of a corresponding subgroup -S O (4) on Z provides symmetry that can be exploited to simplify the equations. In fact, we parametrize w (P; a, b)
by means of P E S O (4) and (a, b) in a unit circle, and seek solutions P ; a, b to the problem at hand, exploiting the concept of self-duality and a 'conjugated' exterior derivative d P . Most 5, we show that the other 2-step example has exactly four Hermitian structures, but that two of these can be made to coincide by modifying the inner product. In Section 6, we are able to detect the non-existence of both complex and symplectic structures in the 3-step case, for which the various classes are best visualized using a 'similar' tetrahedron arising from a change of basis.
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-Invariant tensors in 6 dimensions
The complex Heisenberg group is given by the set of matrices under multiplication. The The real version of (3) is therefore
The kernel of (1) is the 4-dimensional subspace D spanned by e 1, e2, e3, e4, and this coincides with the image of ~*. Moreover, the image of (1) lies in A2D.
The fundamental role played by D in the theory of invariant structures on GH was emphasized in [ 1 ] , and we now set about generalizing this situation.
Let G be a real 6-dimensional nilpotent Lie group, and let r be a discrete subgroup of G for which the set r B G of right cosets is a compact manifold M. A classification of corresponding Lie algebras was given in [9] (see the tables in [5] , [14] ). Given that G necessarily has rational structure constants, such a r must exist [10] . For example, the Iwasawa manifold is the compact quotient space M = rBGH where r is the subgroup defined by restricting §i in (2) to be Gaussian integers. The existence of a compact quotient enables one to apply Nomizu's theorem to compute the cohomology of r B G, and to assert the non-existence of a Kdhler metric on M unless G is abelian (see [8] , [3] , [ 11 ] , [4] In the following study, we shall regard the choice of v, Trn, ~~', g as fixed, rather than a particular basis (e' ) . 6 The symmetry group of (g, v, g) is SO (6) and that of (D, v', g) is SO (4 (ii) The generalized edge determined by a decomposable unit 2-form a = e A f is Consistency with the orientation (see (5)) requires that t be chosen from a 2-sphere, and is a typical complex projective line in Z. From (11) , E03 = r e56J is the line (iii) The polar set of an arbitrary non-zero 2-form a is this is simply the intersection of the hyperplane (Q y 1 of A2R 6 with the submanifold Z of fundamental forms with respect to g.
We shall now describe the action of SO (4) = Aut(BD, v', g) on Z. Let J be an almost complex structure with fundamental 2-form co E Z. Since -Je 5 
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The last statement makes use of the hypothesis n a 3 in order that dw = with 0 a closed 1-form. However, we shall be more interested in determining the 'maximal' classes Z234, Z134, Z124, Z123, since all the others can be obtained as intersections of these four. The only one of these that has a special name is the class Z123 of 'semi-KKhler' or 'cosymplectic' structures, characterized by the condition dcv A con-2 = 0.
In [6] [6] . Then It is well known that the covariant derivative ocv of the fundamental 2-form determines the Nijenhuis tensor of the almost complex structure J, which is essentially the real part of the tensorial operator and lies in Wi fl3 W2. As observed in [6] , the skew-symmetric part of which lies in is proportional to These algebraic properties lead to an easier way of computing the 16 Gray-Hervella classes, which is especially fruitful in the case of n = 3.
Suppose from now on that M = G is a Lie group of real dimension 6. Let (ot, P, y) be a basis of invariant ( 1, 0)-forms, so that the fundamental 2 (4i) a = -1, giving the edge ~12.
(4ii) s = t = 0, which reduces P+ to one of (34), (35). In the former case (r = 1), the vertex lù() is fixed on E03 and we obtain the face ~'3, as explained in ( lii). In the latter case (r = -1 ), = cv3, and we obtain the face For opposite to cvo.
In conclusion, .~123 = U -F3
The proof of Theorem 1 is now complete. ( 1 )) equal to 4. Of these, only three are irreducible, namely g 1 = gH given by (4) , another 2-step Lie algebra g2, and a 3-step algebra g3 (see for example [14] ). There is no particular reason to restrict to irreducible algebras, except that one would expect the reducible cases to be easier to describe.
The structure equations of 92 are very similar to (4) . In applying the methods of Section 4, the real only difference is that now (compare (33)).
As usual, we consider the ei as invariant forms on an associated Lie group G2, or nilmanifold M2, and we choose the metric g (as in (6) ) that renders them orthonormal. THEOREM 2. Let M be a nilmanifold associated to (36), with the metric g. The classes of invariant almost Hermitian structures defined in (23) satisfy (notation as in ( 13) , ( 14) , where C, C' are other circles and the unions are disjoint).
Provided we use (37), the computations required for the proof of Theorem 2 are very similar to those of Section 4, and we omit verification of facts (2i) and (3i) below that are used to determine the 'larger classes'. The class Z234. Lemma [14] . We shall detect and generalize this non-existence for the structures compatible with the standard metric (6 Since the left-hand side has no term in e34, we obtain r = r'. Thus, u2 + x2 = (u')2 + (x')2, and (41) gives two cases:
( 1 i) u = x = u' -x' -0. Either r = r' -1, giving the edge go2, or r = r' = -1, giving the edge El 3 -(lii) a = 0. We have r = r', u = u' and x = x'. From 
